Abstract. To a torus action on a complex vector space, Gelfand, Kapranov and Zelevinsky introduce a system of differential equations, called the GKZ hypergeometric system. Its solutions are GKZ hypergeometric functions. We study the p-adic counterpart of the GKZ hypergeometric system. In the language of dagger spaces introduced by Grosse-Klönne, the p-adic GKZ hypergeometric complex is a twisted relative de Rham complex of meromorphic differential forms with logarithmic poles for an affinoid toric dagger space over the dagger unit polydisc. It is a complex of of O † -modules with integrable connections and with Frobenius structures defined on the dagger unit polydisc such that traces of Frobenius on fibers at Techmüller points define the hypergeometric function over the finite field introduced by Gelfand and Graev.
Let γ 1 , . . . , γ n ∈ C. In [10] , Gelfand, Kapranov and Zelevinsky define the A-hypergeometric system to be the system of differential equations where for the second system of equations, (λ 1 , . . . , λ N ) ∈ Z N goes over the family of integral linear relations N j=1 λ j w j = 0
We would like to thank Jiangxue Fang for helpful discussions. The research is supported by the NSFC.. 0.2. The GKZ hypergeometric function over finite fields. Let p be a prime number, q a power of p, F q the finite field with q elements, ψ : F q → Q * a nontrivial additive character, and χ 1 , . . . , χ n : F * q → Q * multiplicative characters. In [7] and [9] , Gelfand and Graev define the hypergeometric function over the finite field to be the function defined by the family of twisted exponential sums
Hyp(x 1 , . . . , x N ) = t1,...,tn∈F * q χ 1 (t 1 ) · · · χ n (t n )ψ where (x 1 , . . . , x N ) varies in A N (F q ). It is an arithmetic analogue of the expression (0.1.2). In [5] , we introduce the ℓ-adic GKZ hypergeometric sheaf Hyp which is a perverse sheaf on A N Fq such that for any rational point x = (x 1 , . . . , x N ) ∈ A N (F q ), we have
Hyp(x 1 , . . . , x N ) = (−1) n+N Tr(Frob x , Hypx),
where Frob x is the geometric Frobenius at x. In this paper, we study the p-adic counterpart of the GKZ hypergeometric system. It is a complex of O † -modules with integrable connections and with Frobenius structures defined on the dagger space ( [11] ) corresponding to the unit polydisc so that traces of Frobenius on fibers at Techmüller points are given by Hyp(x 1 , . . . , x N ). We have K r −1 x ⊂ K{r −1 x}. Elements in K r −1 x are exactly those power series converging in the closed polydisc {(x 1 , . . . , x N ) : x i ∈ Q p , |x i | ≤ r}. Moreover, for any r < r ′ , we have
K{x} † is the ring of over-convergent power series, that is, series converging in closed polydiscs of radii > 1.
Let ∆ be the convex hull of {0, w 1 , . . . , w N } in R n , and let δ be the convex polyhedral cone generated by {w 1 , . . . , w N }. For any w ∈ δ, define d(w) = inf{a > 0 : w ∈ a∆}.
We have
whenever a ≥ 0 and w, w ′ ∈ δ. There exists an integer d > 0 such that we have
n . For any real numbers r > 0 and s ≥ 1, define
, w∈Z n ∩δ
Note that L(r, s) and L † are rings. Let
, where d t is the exterior derivative with respect to the t variable. For each
where Ω 1 K x † is the free K{x} † -module with basis dx 1 , . . . , dx N . Consider the lifting of the Frobenius correspondence in the variable t defined by
, and hence the expression (0.3.2) shows that F defines endomorphism on each
Then F defines a horizontal morphism of complexes of K x † -modules with connections
(iii) Let E(0, 1) N be the closed unit polydisc with the dagger structure sheaf ( [11] ) associated to the algebra K x † , and let Fr be the lifting
of the geometric Frobenius correspondence. We have an isomorphism
Then we also have the estimate |c
Here for the last inequality, we use the fact that d(iw j ) ≤ i and the assumption that r ≤ p
whereL † is defined in the same way as L † except that we change the variables from x j to y j . The connection ∇ onL † defines a connection onL 
This proves our assertion. Similarly, one verifies that the connection Fr
† -module modules with the connection ∇ and the horizontal morphism F :
where for any
. D † is a ring of differential operators possibly of infinite orders. This D † is also used in [14] . Let D † P N ,Q (∞) be the sheaf of differential operators of finite level and of infinite order on the formal projective space P N over the integer ring of K with over-convergent poles along the ∞ divisor. For the definition of this sheaf, see [3] . By [13] , we have
In section 1, we prove the following proposition.
). In particular, by the result in [13] , D † is a coherent ring. Let
It follows from the definition of the twisted de Rham complex that the homomorphism
induces an isomorphism
Let's give an explicit presentation of the
Consider the map
It is a homomorphism of D † -modules. In §1, we prove the following theorems.
Theorem 0.8. ϕ induces isomorphisms
Moreover, there exist finitely many
The GKZ hypergeometric D † -module is the p-adic analogue of the (complex) hypergeometric D-module ( [1] ) associated to the GKZ hypergeometric system of differential equations (0.1.1). 0.11. Fibers of the GKZ hypergeometric complex. Let a = (a 1 , . . . , a N ) be a point in the closed unit polydisc E(0, 1), where a i ∈ K ′ for some finite extension
In section 1, we prove the following.
. By Lemma 0.12, we have the following corollary. Corollary 0.13. In the derived category of complexes of K x † -modules, we have
. The specialization of Φ at a is the lifting of the Frobenius correspondence defined by
It induces the maps
. From now on, we assume that a is a Techmüller point, that is, a q j = a j (j = 1, . . . , N ). Then a is a fixed point of Fr. In this case
) and hence is a chain map.
Consider the operator
We extend it to differential forms by
Here by Lemma 0.4 (i), t
) is a nuclear operator and hence the homomorphism on each
) induced by G a is also nuclear. We can talk about their traces and characteristic power series. But F a does not have this property. Let
Let χ : F * q → Q p be the Techmüller character which maps each u in F * q to its Techmüller lifting. By [15, Theorems 4.1 and 4.3], the formal power series θ(z) = exp(πz − πz p ) converges in a disc of radius > 1, and its value θ(1) at z = 1 is a primitive p-th root of unity in K. Let ψ : F q → K * be the additive character defined by
for anyā ∈ F q . Letā j ∈ F q be the residue class a j mod p, let
be the twisted exponential sums for the multiplicative characters χ i = χ (1−q)γi , the nontrivial additive character ψ : F q → C * p , and the polynomial F (ā, t), and let
be the L-function for the twisted exponential sums. The following theorem is well-known in Dwork's theory. Its proof is given in section 2 for completeness.
, Adolphson shows that L(F (ā, t), T ) depends analytically on the parameters a and γ.
0.16. The GKZ hypergeometric F -crystal. It follows from the definition of the twisted de Rham complex that the homomorphism
, and F defines a horizontal morphism
Let U be the affinoid subdomain of the closed unit polydisc E(0, 1) N parametrizing those points a = (a 1 , . . . , a N ) so that F (ā, t) = N j=1ā j t wj is non-degenerate in the sense that for any face τ of ∆ not containing the origin, the system of equations
has no solution in (F * p ) n , where F τ (ā, t) = wj ∈τā j t wj . When restricted to U , we have
) defines a vector bundle on U of rank n!vol(∆). Denote this vector bundle by Hyp.
Definition 0.17. We define the GKZ hypergeometric crystal to be (Hyp, ∇, F ).
Let a = (a 1 , . . . , a N ) be a point in U with coordinates in K ′ , and let Hyp(a) be the fiber of Hyp at a. By Corollary 0.13, the fact C k (L † ) = 0 for k > n, and the fact that
where
If a is a Techmüller point, then we have
Let a = (a 1 , . . . , a N ) and b = (b 1 , . . . , b N ) be points in U with coordinates in K ′ , and let
be the parallel transport for Hyp. It is well-defined if |b i − a i | < 1 for all i. It can be described as follows: For any formal power series
So exp(−πF (x, t))f (t) is horizontal with respect to ∇. But it is only a formal horizontal section since it may not lie in
.
This is well-defined if
is a horizontal morphism, we have a commutative diagram
Let {e 1 (x), . . . , e M (x)} be a local basis for Hyp over U . Write
T a,x (e 1 (a), . . . , e M (a)) = (e 1 (x), . . . , e M (x))P (x)
where P (x) and Q(x) are matrices of power series. Then we have
and hence
As ∇ ∂ ∂x j (T a,x (e k (a))) = 0 for all k, P (x) satisfies the system of differential equations 
(ii) For any real number ǫ > 0, there exists δ > 0 such that
So we have
(ii) Choose M sufficiently large so that for any x ≥ M , we have 
Proof of Proposition 0.7. Set
By Lemma 1.1 (i), we have ord
Choose ǫ > 0 so that s > p ǫ p−1 , and choose δ as in Lemma 1.1 (ii). We have
Lemma 1.3. Let S be any subset of Z n ≥0 . There exists a finite subset S 0 of S such that S ⊂ v∈S0 (v + Z n ≥0 ). Proof. We use induction on n. When n = 1, we have S ⊂ v + Z ≥0 , where v is the minimal element in S ⊂ Z ≥0 . Suppose the assertion holds for any subset of Z n ≥0 , and let S be a subset of Z n+1 ≥0 . If S is empty, our assertion holds trivially. Otherwise, we fix an element a = (a 1 , . . . , a n+1 ) in S. For any i ∈ {1, . . . , n + 1} and any 0 ≤ b i ≤ a i , let
By the induction hypothesis, there exists a finite subset T i,bi ⊂ S i,bi such that
We can take S 0 = 1≤i≤n+1 0≤bi≤ai T i,bi {a}.
Lemma 1.4. (i) The ring homomorphism
is surjective, where y = (y 1 , . . . , y N ) and
Proof. Decompose ∆ into a finite union τ τ so that each τ is a simplicial complex of dimension n with vertices {0, w i1 , . . . , w in } for some subset {i 1 , . . . , i n } ⊂ {1, . . . , N }. For each τ , let δ(τ ) be the cone generated by τ , and let
Being a discrete bounded set, B(τ ) is finite. Every element w ∈ Z n ∩ δ(τ ) can be written uniquely as w = b(w) + c(w) with b(w) ∈ B(τ ) and c(w) ∈ C(τ ). So we have Z n ∩ δ(τ ) = w∈B(τ ) (w + C(τ )), and hence
For each C(A) ∩ (w + C(τ )), the map
is a bijection. Applying Lemma 1.3 to the inverse image of C(A) ∩ (w + C(τ )), we can find finitely many u 1 , . . . , u m ∈ C(A) ∩ (w + C(τ )) such that
We thus decompose C(A) into a finite union of subsets of the form u+C(τ ) such that τ is a simplicial complex of dimension n with vertices {0, w i1 , . . . , w in } for some subset {i 1 , . . . , i n } ⊂ {1, . . . , N }, and u ∈ C(A) ∩ (w + C(τ )) for some w ∈ B(τ ). Elements in L †′ is a sum of elements of the form w∈u+C(τ ) a w (x)t w , where a w (x) ∈ K{r −1 x} and a w (x) r s d(w) are bounded for some r, s > 1.
Here to verify this element lies in K x, y † , we use the fact that
†′ is also surjective. 
where f v (x) ∈ K{r −1 x} and f v (x) r s |v| are bounded for some r, s > 1. For each w ∈ C(A), let
Then we have
For each nonempty S w , fix an element
for some differential operators P v,1 , . . . , P v,m ∈ D. We have
One can verify that ϕ( λ ) = 0 for all λ ∈ Λ. So we have
For any g i ∈ L †′ (i = 1, . . . , n), choose P i ∈ D † such that ϕ(P i ) = g i . One can check directly that E i,γ (1) = F i,γ (1). Moreover, F i,γ commutes with each ∇ ∂ ∂x j and hence with P i . So we have
Together with the fact that ϕ is surjective and ker ϕ = λ∈Λ D † λ , we get
1.6. Proof of Theorem 0.9. It is known that D † is coherent ( [13] ). So by Theorem 0.8, L †′ is a coherent D † -module. Keep the notation in the proof of Lemma 1.4. Decompose ∆ into a finite union τ τ so that each τ is a simplicial complex of dimension n with vertices {0, w i1 , . . . , w in } for some subset {i 1 , . . . , i n } ⊂ {1, . . . , N }. Let B = τ B(τ ) which is a finite set. Consider the map
Note that this a homomorphism of D † -modules. We will prove ψ is surjective and ker ψ is a finitely generated D † -module. Combined with the fact that
To prove ψ is surjective, it suffices to show every element in L † of the form w∈Z n ∩δ(τ ) a w (x)t w lies in the image of ψ, where a w (x) ∈ K{r −1 x} and a w (x) r s
are bounded for some r, s > 1. Every element w ∈ Z n ∩ δ(τ ) can be written uniquely as
with b(w) ∈ B(τ ) and c(w) ∈ C(τ ). We have
Note that
To see this, we use the fact that
since b(w) and c(w) all lie in the simplicial cone δ(τ ). Thus ψ is surjective.
Note that elements in L β ′ ,β ′′ are of the form w∈S β ′ ,β ′′ a w (x)t w with a w (x) ∈ K{r −1 x} and
Then the map
is a homomorphism of D † -modules and its image is contained in ker ψ. We will prove each L β ′ ,β ′′ is a finitely generated D † -module, and
It follows that ker ψ is a finitely generated D † -module. We have
Again by Lemma 1.3, for each S β ′ ,β ′′ ∩ (w + C(τ )), we can find finitely many u 1 , . . . , u m ∈ S β ′ ,β ′′ ∩ (w + C(τ )) such that
We thus decompose S β ′ ,β ′′ into a finite union of subsets of the form u + C(τ ) such that τ is a simplicial complex of dimension n with vertices {0, w i1 , . . . , w in } for some subset {i 1 , . . . , i n } ⊂ {1, . . . , N }, and u ∈ S β ′ ,β ′′ ∩ (w + C(τ )) for some w ∈ B(τ ). We claim that L β ′ ,β ′′ is generated by these t u as a D † -module. Indeed, elements in L β ′ ,β ′′ is a sum of elements of the form w∈u+C(τ ) a w (x)t w . We have
Write B = {β 1 , . . . , β k }, and write
In particular, f
β1 is 0 since it is a sum over the empty set. We have g
β ∈ L β,β1 and
To verify this equation, we show it holds componentwisely. The equation clearly holds for those component β = β 1 . Note that L †′ is a direct factor of L † in a canonical way as an abelian group. Applying the projection L † → L †′ to the equation
we get
This is exactly the β 1 component of the equation 1.6.1. In general, for i = 1, . . . , k, we define
We have g
β ∈ L β,βi and (f
We have f
β ).
1.7. Proof of Lemma 0.12. Let R be the integer ring of K, and let
Keep the notation in the proof of Lemma 1.4 and 1.6. The same proof shows that the following homomorphisms
are surjective. It is known that R x, y † is a noetherian ring by [6] . It follows that L † R is also noetherian. We have
One can verify directly that in the case where
This proves our assertion in the case where K = K ′ and
By base change from K to K ′ and using this isomorphism, we can reduce to the case where K ′ = K. Then using the automorphism
we can reduce to the case where a = (0, . . . , 0).
1.8.
Proof of Lemma 0.14. We first work with de Rham complexes and later with twisted de Rham complexes. We have
. Since K contains the primitive root of unity θ (1), it contains all q-th roots of unity. Let µ q be the group of q-th roots of unity in K. For any ζ = (ζ 1 , . . . , ζ n ) ∈ µ n q , write ζt = (ζ 1 t 1 , . . . , ζ n t n ).
Let Θ ζ be the endomorphism on differential forms defined by
It commutes with d t . We have
Let's show Φ a • Ψ a is homotopic to id. It suffices to that Θ ζ is homotopic to id for each ζ ∈ µ n q . Let
To prove Θ ζ is homotopic to identity, it suffices to show ev 1 is homotopic to ev 0 . Note that
Then we have d t Ξ + Ξd = ev 1 − ev 0 .
We now consider the twisted de Rham complexes. Let , t) ) respectively. One verifies that they are defined on
. By the discussion above for the untwisted de Rham complexes, we have
It follows that each T ζ is homotopic to identity and hence F a G a is also homotopic to identity.
2. Dwork's theory
Then θ m (z) converges in a disc of radius > 1, and the value θ(1) = θ(z)| z=1 of the power series θ(z) at z = 1 is a primitive p-th root of unity in 
From now on, we denote elements in finite fields by letters with bars such asū,ā j ,ū i etc and denote their Techmüller liftings by the same letters without bars such as u, a j , u i etc. Let ψ m : F q m → K * be the additive character defined by
Then we have ψ m (ū) = exp(πz − πz 
. By the equations (2.1.1) and (2.1.2), we have
We thus have
′ be a finite extension of K containing all q-th roots of unity. Set 
and • Ψ a • t For any pair s < s ′ , we havẽ
Let N f = 
